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RANK-ONE TODA FIELD EQUATIONS 



DANIEL FOX 

j^JQf Abstract. We present a connection between the Killing fields that arise in 

r ^ _ the loop-group approach to integrable systems and conservation laws viewed 

as elements of the characteristic cohomology. We use the connection to gen- 
erate the complete set of conservation laws (as elements of the characteristic 
cohomology) for the Tzitzeica equation, completing the work in |13j . 

We define a notion of finite-type for integral manifolds of exterior differential 
systems directly in terms of conservation laws that generalizes the definition of 
Pinkall-Sterling |19| , The definition applies to any exterior differential system 
that has infinitely many conservation laws possessing a normal form. 

Finally, we show that, for the rank-one Toda field equations, every char- 
acteristic cohomology class has a translation invariant representative as an 
undifferentiated conservation law. Therefore the characteristic cohomology 
defines de Rham cohomology classes on doubly periodic solutions. 



Contents 

1. Introduction 1 

2. The scalar nonlinear Poisson equation as an EDS 3 

3. The characteristic cohomology 5 

4. Primitive maps 8 

5. The Toda field equations [9 

6. Generating functions from Killing fields fC 

7. Killing fields and conservation laws 11 

8. The Tzitzeica equation and SU(3)/SO(2) 13 

9. Finite- type solutions 22 
fO. Translation invariant conservation laws 23 
References 25 



f. Introduction 

There are various approaches to conservation laws of differential equations (for 
example, see [5J [551 12D])- This article attempts to further the theory of char- 
acteristic cohomology developed by Bryant and Griffiths [B], continuing the work 
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in [13]. The characteristic cohomology approach emphasizes l)the cohomological 
nature of conservation laws, 2)a universal perspective, and 3)geometric representa- 
tives similar to harmonic representatives of de Rham classes. 

In this article we establish a connection between Killing fields [lOj 2] and the 
characteristic cohomology [BJ of Toda field equations [2] and use it to completely 
determine the characteristic cohomology of the Tzitzeica equation (which corre- 
sponds to the Toda field equation for SU(3)/SO(2)). We expect the method applied 
to SU(3)/SO(2) to generalize to all Toda field equations and even to all primitive 
map systems, though we have not attempted this. 

Terng and Wang |22] have made a similar connection between conservation laws 
and the analogs of Killing fields for the (hyperbolic) [//if -systems, though they 
do not concern themselves with the universal approach and so do not need the 
vanishing result of Thm 13.11 There is also a well developed theory of recursion 
operators jTSJ E3] that generates conservation laws for many integrable systems. 
There is significant overlap between the various approaches. The recursion V that 
we introduce in Sec. [8] should be equivalent to the recursion operator given in 
Sec. 2.16 of [24], though the derivation is independent. 

Let us now explain what we mean by the universal perspective. The characteris- 
tic cohomology is a geometric analog of the topological characteristic classes, which 
we recall now in order to make the analogy plain. Associated to every smooth man- 
ifold X one has its cohomology H P (X, Z), which is a measure of the complexity of 
the topology of X. The extra structure of a complex vector bundle 

(1) C r ^E^X 

is equivalent to a smooth map <Pe '■ X — > Gr(r, oo) to the infinite Grassmanian 
PQ. The cohomology of Gr(r, oo) is generated by the Chern classes of the universal 
bundle 

(2) C -> Gr(r, oo), 

that is H*(Gr(r, oo ), Z) = Z[ci,...,c r ] as rings. Therefore each complex vector 
bundle E — > X defines a set of characteristic (cohomology) classes 

(3) <P* E {^)^H 2 \X,Z). 

The <f>%(ci) vanish if and only if E — > X is a trivial bundle. Thus the characteristic 
classes measure the degree of twisting of the vector bundle. One can also define 
characteristic classes in terms of connections or other direct approaches that do not 
involve the classifying space Gr{r, oo) [171 15]. 

The characteristic cohomology is an approach to conservation laws of PDE anal- 
ogous to the universal approach to characteristic classes. To each exterior differ- 
ential system (M, X) is associated its characteristic cohomology H*(M,£l/I) [5J. 
Recall that an integral manifold is an immersed submanifold <fi : N M such 
that 4>*{X) = 0. Therefore the characteristic cohomolgy pulls back to any integral 
manifold to define de Rham cohomology classes of N, 

cp* : -> H% . 

These classes should measure how complicated the immersion cb : N — > (M, I) 
is, considered as an integral manifold. In order to access all of the characteristic 
cohomology, one must work on the infinite prolongation (M^°°\ I^ 00 )). The analogy 
is then between H*{M {co \ VL*{M^)/X^) and H * (Gr (r, oo),Z). In the context 



KILLING FIELDS AND CONSERVATION LAWS 



3 



of variations of Hodge structure this analogy finds a more definite connection |12] 
and raises the question, to what extent can this analogy be made concrete for 
systems other than those arising in the variation of Hodge structure? 

Once one has conservation laws, one would like to use them to better under- 
stand the geometric and analytic properties of solutions. Pinkall and Sterling [19] 
introduce a notion of finite-type solutions for CMC surfaces in R 3 which was gener- 
alized in |10| . We formulate a finite- type condition directly in terms of conservation 
laws. It is equivalent to the Pinkall-Sterling condition for that system. In addition 
to determining the higher-order characteristic cohomology of the scalar nonlinear 
Poisson equations, we also present translation invariant representatives of the co- 
homology classes. These induce de Rham classes on doubly periodic solutions and 
should encode significant geometric information about the solution. 

Although we only present results about the Tzitzeica equation in this article 
(fuu — otf u + 2a 2 /), the simpler case f uu = j3f was carried out by essentially the 
same method in [13], though we hid the role of Killing fields. These two scalar PDE 
arise from the Toda field equations for primitive maps to the 6-symmetric space 
SU(3)/SO(2) and the (2-) symmetric space SU(2)/SO(2), respectively. There is one 
other fc-symmetric space of rank one, namely, the 4-symmetric space SO(4)/SO(2). 
It provides a recursion of order four for the case f uu = f3f that is essentially the 
square of the order two recursion that one obtains using the (2)-symmetric space 
SU(2)/SO(2). We have not calculated any examples for fc-symmetric spaces that 
don't have SO(2) as their stabilizer. 

2. The scalar nonlinear Poisson equation as an EDS 
The PDE to be studied is 

(4) OzOz = - /(U) < 

where u : C — > K. We encode the PDE as an exterior differential system (EDS) 
with independence condition. For a basic introduction to EDS see [5] or [IS]. Let 
M = J 1 (CM) = C x R x C be the first jet space of maps from C to R, with 
coordinates (z,u,mo) and define the differential forms 

C = dz 

OJ! = du + f( 

r/o =du- uoC - uoC 

'J = Im^AWi) = (Cao;i — Ca<Di). 

The relevant differential ideal is 

I = (Vo,i>) = (?7o,Cawi). 
Thus the EDS to be studied is 

(5) {M,X), where M = CxMxC and I = (rj , ip). 

This EDS is involutive with Cartan characters so = l,si = 2,S2 = 0. Again, see 
03 US] for the basics of EDS. 

As in [13], we will work on the infinite prolongation (M^°°\ L 00 )). The structure 
equations on are given in terms of the one-forms and functions 



4 



DANIEL FOX 



C = dz 

T° = f T] Q =du- uqC -uoC 



for i > 0. 

The real and imaginary parts of £, 770, 771, 772, • • • form a coframe of M^°°^ and the 
subbundle 

I ( " 1 = {f»i 1 fIi 1 iii,.-}cfi 1 (MW | C) 

generates the (formally Frobenius) differential ideal The vector fields on 

M(°°) dual to £,770,77* are 



(6) e 

au 



d d . 3 d 

8 



U U U —1 u 

1 dz du 1+1 q u . 2-^i 

i— i— 



d 

i=l... 



dui-i 



Proposition 2.1. For i > 1 i/ie following structure equations are satisfied on 

dT = T +1 C + t 1 modC 
dC = 

dm = C a 771 + c a 771 

dr/i = -77i + i aC + t 4_1 aC 

The PDE Equation (j4j is invariant under the S 1 -action (u, z, z) — > (u, Xz, Xz) 
(with A € C and |A| = 1). This leads to a symmetry of which yields 

a decomposition of differential forms and thus conservation laws. To see this, let 
F : S 1 x M( fe ) -> Af( fe ) be defined as 

(7) F(X,u,z,u 3 ) = (it,A- 1 ^,A J ' +1 n i )- 
This induces the following weighting system: 

wd(z) = — 1 wd(z) = 1 

wd(%) = +(j + 1) wd(%) = -(j + l) 

wd(u) = wd(r7o) = 

wd(C) = -1 wd(C) = 1 

wd(?7 i ) = +j wd(%) = -j. 

For p > and j <E Z we define the spaces of differential forms of homogeneous 
weighted degree j to be 

(8) 0?(M (fc) ) = e O p (Af (fe) ,C) I F> - av} . 

For an element ip € fi^(AfW, C), we write wd(y) = j. Note that wd(</?) = — wd(^). 
This grading is preserved by exterior differentiation: 

d : n£(Af(*>) -> fiffAfW). 

The ellipticity of Equation (J4j) leads us to the following: 
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Definition 2.1. Define the subspaces 

fi< 1 ' >(M< oo >) = C-{C,»7i,...} and rt Q < 1 \M^)=c-{c 1 m 1 ...} 

and the operators 

d : C^M^.C) -> Q^ 1 ' ^ (M^) and 9 : C°°(M (oo) , C) -> ^'^(M^) 
by £ft.e condition 

oo 

i=l 
oo 

dA = e— (A)C + £ A^ffe, 

i=l 

It wraZ? be convenient to use the linear operator 

w/iic/i acts by v 777 ! on Q( 1 '°)(M( 00 )), by — /-T on fi (0ll) (^ (oo) ), and as the identity 
on R • ?7o - XTiis is an almost complex structure on the annihilator of eo . 

We say that / satisfies an n th -order autonomous linear ODE if it satisfies an 
equation of the form 

d n f df d 2 f d n ^ 1 f 

^ ^ du n ^'du'dit 2 ' ' du n ~ 1 ^ 

where Z is an R-linear function of n variables. From now on assume that 

/ does not satisfy any first-order linear autonomous ODE. 

By imposing this assumption we rule out the important system /„ = / correspond- 
ing to the Liouville equation u Z z = e u , and the linear systems f(u) = au + b for 
a, b G R. These systems all have infinitely many classical conservation laws and so 
the machinery we develop is not needed for them. 

3. The characteristic cohomology 
On (M^ 00 ),!^ 00 )) the associated characteristic cohomology is 

that is, the cohomology of the quotient complex (M^°°\ O/I). We will only deal 
with the local case which, by definition, means that #P(M( fe \R) = for k > and 
p > 0. 

Definition 3.1. The space of higher-order undifferentiated conservation 
laws for Eq. ([5]) is 

H 1 := H l {M^°°\Vt/1). 
The space of higher-order undifferentiated complex conservation laws for 

(M,l) is 

where the subscript C denotes complexifcation. 
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The theory developed by Bryant and Griffiths involves studying conservation 
laws locally via the isomorphism ^(AfW,!]/!) ^ H 2 (M^ ,lW), since locally 
H p (M^ k \M) = for p > 0. 

Definition 3.2. The space of higher-order differentiated conservation laws 
for (M,I) is H 2 (M(°°\l) . The space of higher-order differentiated complex 
conservation laws for (M,l) is iJ 2 (M(°°),2c)- 

Exterior differentiation provides isomorphisms 

d : H 1 4 H 2 (M {oo \l) 
d : Hi 4 H 2 {M {oo \l c ) 

in the local involutive case. We have stated this material for the system being 
studied in this article. In general, one is not working with forms of degree one. See 
|13) for a summary of the relevant results in [5] that are being applied here. 

Let C denote the space of differentiated conservation laws in normal form (see 
[TBI [5]). For the system at hand, $ 6 C if and only if 

(10) $ = % a p + Aif>+ ( Bij Vi*Vj + B^ 3 fj i Afj j ^ 

l<i<j<k 

for some k. The one-form p and the function B are determined by A via the formulas 

(11) p = -\ma 

(12) B lJ = £ + Vir- 4+1 ( m+ J " l ) [e^TA^^ 

m=0 ^ ' 

if we normalize p so that eo -j p = 0. The function ^4 on M^ fe ) -which we henceforth 
refer to as the generating function of ^-satisfies 

(13) A Uit uj = A u = 
and 

(14) £{A):=e—e^A + f u A = {). 

Definition 3.3. A conservation law on M^ 00 ^ in normal form is said to have level 
k if it is defined on . Let C/f.\ denote the space of representatives of conser- 
vation laws of level k in normal form. Let d C C be the subspace of conservation 
laws in normal form of weighted degree d. 

By studying the normal form of a conservation law we recover the central equa- 
tion that must be solved in order to obtain conservation laws: 

(15) £{A):=e—e- 1 A + f u A = {). 

See [16) or [7] for the general argument that conservation laws have generating 
functions that are solutions of the linearization of the PDE being studied. Pinkall 
and Sterling [TS] refer to these functions as Jacobi fields. 
It is a result of Bryant and Griffiths 6 that 

C H n ~ l 

which in for the system under study means C = H 1 . 
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Definition 3.4. Let V be the space of solutions to £(P) = (Eq. (|14|l) that also 
satisfy PmPu, = P« = 0. Let Vd C V be the subspace of homogeneous solutions of 
weighted degree d. 

The two solutions of Eq. (IT41 leading to classical conservation laws are q = 
zuq — ~zuq G Vq and uo G Vi . The following result is proven in [13] . 

Theorem 3.1. Suppose that f does not satisfy a linear first- order ODE. Then: 

(1) Vq is spanned by q. If d is a nonzero even integer, then Vd = 0. If d is odd, 
then dime Vrf < 1 . 

(2) For all <i we have isomorphisms 

(3) dim K (C(2„ + i)/C( 2n )) = 0. 

(4) dim R (C( 2n+ 2)/C( 2n )) < 2 with equality if and only if dim c (V2 n +3) = 1- 

We also have explicit formulas for representatives of a basis for H 1 . If P l spans 
Vn-\ for i > 1, then 

(16) ^^-^-jfPdg-fldP) 
represents a nontrivial class, and in fact 

(17) H£ = C-{[<po]MMMM,---} 

where [<pi] G -ff^ corresponds to P % G V2i-i for i > 1 under the isomorphism 
V^Rl. 

For most potentials f(u), no higher-order conservation laws exist (see [T^l HH 

my- 

Theorem 3.2. Assume that f does not satisfy any linear second-order ODE, 
i.e. that f,f u and f uu are linearly independent over R. Then Vd = for \d\ > 2, 
i.e. no higher-order conservation laws occur. 

Lemma 3.3. Suppose that f uu — fif with (5 ^ and that f does not satisfy any 
first-order ODE. Then dimc(V2n+i) = 1 for all n G Z. 

The proof of this used a recursion derived from formal Killing fields. A version 
of this recursion was originally given by Pinkall and Sterling [19) , though they did 
not link the recursion to Killing fields. Their astounding recursion formulas do not 
work for the Tzitzeica equation, which led to the search for other means. In fact, 
a recursion operator exists for the Tzitzeica equation, and can be found in the list 
compiled by Wang [2"4] . 

In this article we show how Killing fields can be used to prove the analogue 
of Lemma 13.31 for the Tzitzeica equation. It is not hard to show that, for there to 
exist new conservation laws in normal form at the second prolongation, then / must 
satisfy f uu = f3f, and for there to exist new conservation laws in normal form at 
the fourth prolongation, then / must satisfy either f uu = f3f or f uu — af u + 2a 2 /. 
This classification result has appeared in 23 and elsewhere. 

Example 3.4. In the case that f uu = af u + 2a 2 / with q/0 a coordinate change 
transforms Equation (j4]) into the Tzitzeica equation u Z z = e~ 2u — e u . The first four 
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spaces V21+1 are 

Vi = C, u Q e V 1 
^3 = 

V5 = C, M4 — 5 a U2U1 — 5 a 2 U2Uo 2 — 5 a 2 ui 2 uo + uq 5 u € Vg 

V7 = C, «6 — 7au4Ui — 7a 2 U4Uo 2 — 14ait3U2 — 28a 2 M3UiUo 

2 2 2 2 3 2 4 

— 21 a U2 uo — 28 a U2U1 + 14 a U2U1UQ + 14a U2U0 

28 4 
+ — a 3 ui 3 u + 28 a 4 ui 2 u 3 - - a 6 u 7 £ V 7 . 
o o 

//we assume that /(0) = ; </ien any nonlinear Poisson equation whose potential 
satisfies f uu — af u + 2a 2 f can be transformed to u zz = e~ 2u — e u using a coordinate 
transformation u —¥ au + b and z — > cz. 

Remark 3.5. It is curious that there are no conservation laws of weighted-degree 
three for the Tzitzeica equation, even though there are conservation laws of weighted- 
degree three for the sinh-Gordon equations, u z - = sinh(w). It would be interesting 
to understand the geometric implications of this fact. 

In this article we complete the story by determining the spaces V2 n +i for the 
Tzitzeica equation. The proof connects Killing fields of primitive maps and con- 
servation laws. In the next section we outline the basic aspects of primitive maps 
that will be needed. 

4. Primitive maps 

We recall the notion of primitive maps following [5] . Let G be the compact real 
form of the semi-simple complex Lie group G with respect to the anti-holomorphic 
involution a : G — > G . Let r : G — > G be a commuting ordcr-fc automorphism, 
r k = 1, and K C G the group it stabilizes. The tuple (G c ,r, a) is a fc-symmetric 
space though we often just refer to M = G/K as the fc-symmetric space and it is 
understood that some triple (G c ,r, a) gives rise to M. The automorphisms <j, r 
induce automorphisms (known by the same name) of the Lie algebra g c of G C . We 
will assume that g c C Qi(r, C) so that we can calculate using matrix multiplication. 

There is a decomposition of g c into the eigenspaces of r: 

(18) C =0o©0i ©■•■©O-i 

where the indices are defined modulo k and designate that, for some primitive k th - 
root of unity /i, Qj is the eigenspace with eigenvalue [i 3 . This decomposition induces 
a decomposition 

(19) ™ c = £iffl...ffl£-i, 

where each Ej is a complex vector bundle, and there is no Eq term because this 
corresponds to the fiber of G — > M. 

Definition 4.1. Let N be a Riemann surface and M a k-symmetric space as above. 
A smooth map 4>:N^M is primitive if ^(T^N) is a complex line in E-\. 

Though M need not be an almost complex manifold, it does have an almost 
complex structure on a subbundle of TM . So a primitive map is something like a 
pseudo-holomorphic curve. In [3] and |14j examples of primitive map are referred to 
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as C R-holmorphic curves. Primitive maps are harmonic for appropriate invariant 
metrics on G/K [8]. 

On a simply connected Riemann surface N, any map to 4> '■ N — > M can be lifted 
to a framing F : N — > G so that F ■ K = <fi. The Maurer-Cartan form wonG pulls 
back to be a g-valued one-form -0 = F*(u) on N. This form decomposes according 
to the decomposition of Qc, ip = ipo + ■ • ■ + V'-i ■ The map is primitive if and only if 
ip — ip-i + tpo + ipi an d ip-i € Q^'°\N). This is easily seen to be equivalent to the 
condition that there exists a flat family of connections ip\ = -0-iA -1 + i/jq + ipiX 
with ip\ £ q for A € S 1 e C and "0-1 € n^^^iV). On simply connected surfaces 
such a family of flat connections is equivalent to a primitive map and choice of 
framing. 



5. The Toda field equations 

When K is a torus, there is a good frame and a good set of coordinates for a 
primitive map to G/K, which reduce the primitive map system to the Toda held 
equations [TT]. When K = SO (2) the system reduces to a scalar nonlinear Pois- 
son equation. From now on, 



assume that K is a torus with Lie algebra t. 

Definition 5.1. Let U C N be a simply connected open set of the Riemann surface 
N . A local frame F : U — > G is called a Toda frame if there exists a complex 
coordinate z : U — > C and a smooth map f2 : U — > y/— It such that 

dF <9f2 

(20) F^ 1 -— = — — h Adexp(Q)(B) <E E (B E-\ 

oz oz 

where B 6 J2k=o \f m k(,a k € Q—i, oik are simple roots, and 9 = X)fc m fc a fc * s the 
highest root. 

Bolton, Pedit, and Woodward [2] prove the following theorems. 

Theorem 5.1. Let <fr : N — »■ M be primitive and let po € N be such that §f (po) * s 
cyclic. Then there is a local Toda frame F of ijj around Pq. Moreover, the complex 
coordinate z for the Toda frame is unique up to an arbitrary translation and rotation 
by a d r -th root of unity, while the Toda frame F is unique up to a multiplication by 
an element of the center Z(G) of G. 

Theorem 5.2. Let z : U — > C be a complex coordinate and let ft : U —> \J —\T 
be smooth. Then Eq. (|20j) has a real solution F if and only if £1 satisfies the affine 
Toda field equations for G, namely 

(21) ^'i^ 2akin) -t=0. 

fc=0 

In this case (f> ~ n o F : U ^ M is primitive with Toda frame F. 

We will work with the Toda frame for SU(3)/SO(2) in Sect. M Before that we 
describe the relationship between Killing fields for primitive maps and conservation 
laws. 
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6. Generating functions from Killing fields 

We now introduce Killing fields for primitive maps following Burstall and Pedit 
[§] . Killing fields were introduced in [TU] as a way of packaging together infinitesimal 
deformations of harmonic maps. This fact suggests that, in the case that the 
primitive maps are related to nonlinear Poisson equations, some components of the 
Killing field will provide infinitesimal solutions to the linearization of the nonlinear 
Poisson equation, Eq. ([M)) . We will show that, in the case that K is abelian, the go 
component of a formal Killing field satisfies the linearization of Toda field equation, 
making it a generating function for a conservation law. A similar result should be 
true if K is not abelian. Recall that K is a torus. 

Suppose we have a family of flat connections ip\ on a simply connected Riemann 
surface N with holomorphic coordinate z : N —> C. The existence of the spectral 
parameter allows one to use loop groups. In this article will use the based loop 
algebra 

C(g c ) = J X x G fl C [[A, A" 1 ]] : if X x = jr X n X n then X° = 1 

^ n — oo ) 

associated to q c and the twisted based loop algebra 

£°' t (q c ) = [X x G £(g C ) : aiXj-i) = X x r(A» = X x , ,i = 
asociated to the fc-symmetric space (G , er, r). 

Definition 6.1. A formal Killing field for the family of flat connections ip x on 
the Riemann surface N is a map X x : N — >• £ <T ' T (g c ) satisfying 

(22) dX x + [i> x ,X x ] =0. 
We can express a Killing field as 

oo 

J£ ^ ^ y ^j^kn^kn _|_ j^kn+1 ykn+1 _|_ j jj^kn-j-k— 1 ^fcra+fc — 1^ 

n=— oo 

where X + i G 0j. In terms of this expansion Eq. ([22)) can be written as 

dX kn+j + {iPoiX kn+ 3} + [^ 1 ,X kn+ ^ +l ] + [^X^+i- 1 ] = 0, 
which decomposes into 

(23) dx kn+J + [ip' Q , X kn+J ] + X kn+j+1 ] = 

(24) g X kn+: > + [^o, X kn+: >} + [^i.X^- 1 ] = 0. 

where ip = ip' + ip'J, % £ SlW)(N) and ^ G Sl<M(N). 

Choosing a local coframe £ G f^ 1 ' ) (U) we can express the connection as 

(25) iP = A^ + A' Z-A'£ + Ail 
with Aj : N — > gj. We now have the formula 

(26) dil>-i = -[A- 1 ,AS\tAl 

which will be used in the calculation below. Define the Laplacian 

A:C 00 (N,Qo)^C 00 (N,Q ) 
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by the condition ddP — 4A(P)£a£. We now show that the go-components of the 
Killing field, X kn , satisfy a linear elliptic equation. 

Taking 8 of Eq. (|23[) for the case j = and using the fact that go is abelian, we 
calculate 

8dX kn = -d[ip_ 1 ,X kn+1 ] 

= [A^,A^}X kn+1 ^l + a (-[<, X kn+1 ] - [^X kn ]) 

(27) - ([<,X fe " +1 ] + [^X^a^-X^A^A'^aI 

= ([{A_ 1 , Aq], X kn+1 ] + [[A£,X kn+1 ],A^ x ] + [[A^X^lA^^l 

= {-[[X kn+1 , A^],JQ + [[A u X kn l A_J) £a£ 

= [[A 1 ,X kn ],A_ 1 ]{[AZ 

The first term in the penultimate line of Eq. ([27]) vanishes because [gi,g-i] C go 
and go is abelian. This leaves 

(28) ^AX kn + [A-i, [Ai,X kn ]} = 

Define the first order linear differential operator V : f2°(iV, go) — > fl°(N, go) as 

(29) V(P)=AP + 4[A- 1 ,[Ai,P]]. 
The calculation above proves 

Lemma 6.1. The Qq- component of a Killing field lies in the kernel ofT>. 

Burstall, et al. [10] prove that every component of a Killing field satisfies such 
an equation, but we will only need to work with the go component. 

We consider the parallel situation for Toda fields. Using the notation of Sec. [5] 
let £q : go — > go be the linearization of Eq. ([2~Tj) about the solution il: 

(30) £ n (P) = + V m k e a ^a*a k (P). 

By differentiating Eq. (f2~Tj) with respect to z one finds that P = ^ is a solution to 
Eq. (|30|) . The Toda equation, Eq. ([2"T]) . is invariant under the S 1 -action z — > Xz for 
A G S 1 C C. As in [13], this leads to the solution 

on x 



(31) ? = 2Im z 

\ oz 

of Eq. ([30]). When G/K = SU(3)/SO(2), Eq. ([30]) reduces to Eq. ([14]) for the 
Tzitzeica equation. In Sec. [8] we will produce a recursion for the kernal of Eq, using 
a Toda frame of the SU(3)/SO(2) primitive map system. 

7. KILLING FIELDS AND CONSERVATION LAWS 

Using elements of the kernel of £, we present a simple formula for conservation 
laws for primitive maps when K is abelian. The formula is essentially the elliptic 
version of Eq. 5.15 in the work of Terng and Wang on the G/fC-systems [22] . 

Definition 7.1. For any pair of functions P,Q £ f2°(iV, go) define 

(32) ^p, q = -v^1J(k(P, dQ) - k(Q, dP)) G il\N, C) 
where k is the Killing form of g c . 
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Lemma 7.1. The one-form <pp,Q is closed on solutions to the primitive map system 
ifP,QekeT(V). 

Proof. We calculate, juggling terms with the Killing form at the end to find the 
desired cancelation. As before, let z be a local holomorphic coordinate on the 
simply connected open set U C N so that dP — P z dz + Pzdz. We will now express 
ip = A-idz + A' dz + Aqdz + Aidz. In the notation from before, this amounts to 
choosing £ = dz. We will make use of the defining relations Jdz = \/— ldz and 
Jdz = — \J— ldz. First we record that 

Vrq = -V^IJ («(P dQ) - k(Q, dP)) 

= k{p, dQ) - k{p, Bq) - k(q, dP) + k(q, Bp). 

Now we calculate, leaving the reader the small joy of canceling terms, 

d<AP,Q = g A( 3) - K (Q' AP )) dz A d ^ 

= -2 {k(P, [A_r, [Ai, Q]]) - k{Q, [A^ x , [A u P]])} dz a dz 

(33) = -2 {«([P, Q]) - k(Q, [A 1s P]])} dz a dz 
= -2 {k([[P, At], Q) - k(Q, [A_t, [A U P]])} dz a dz 
- -2 {«(Q, [Ai,P]]) - «(Q, [A_ l5 [Ai, P]])} dz A dz 
= 0. 

□ 

I expect that most choices of pairs P, Q will lead to trivial conservaton laws- 
this should be equivalent to the conservation laws commuting under the Poisson 
bracket. The results in [13] suggest that there exists a.q £ ker(£), unique up to scale 
and of degree zero in some sense, such that all of the nontrivial conservation laws 
are of the form ipp >q where P € ker(£) and P satisfies some additional conditions. 
Up to scale this definition specializes to the normal form found in |13) using the 
normal form of Bryant and Griffiths [B] together with the § -symmetry to reduce 
a two-form to a one-form. 

Remark 7.2. For rank-1 Toda field equations one can define a Poisson bracket 
on the space of generating functions, or equivalently ( see Thm. \3. 1\) on the space 
of conservation laws |21j . For P,Q € V we define {P, Q} — R if [<Pp,q] = [<Pq,B.]- 
If P,Q are both of nonzero degree, and thus both of odd degree, then fp,Q is even 
degree and thus trivial in characteristic cohomology, implying that {P, Q} = 0. If 
q £ Vq and P £ Vd with d ^ 0, then clearly {q, P} = P. Thus we have the following 
bracket relations: 

(34) {P, Q} = if deg(P) ^ 0, deg(Q) ^ 

(35) {q, P} = P if deg(P) ^0 

It seems likely that the conservation laws of the EDS associated to the Toda 
equations is spanned by (p q ,p for a countably infinite set of P and the single excep- 
tional class associated solely to q = Im(z^). This should be nearly the same as 
the (local) characteristic cohomology for the primitive map system since the two 
systems are related by integrable extension. 

A calculation similar to the proof of Lem. 17.11 shows that, given any solution P 
of (f30|) . ip q ,p defines a conservation law for the Toda field system. We now turn to 
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the Tzitzeica equation to illustrate how Killing fields not only provide generating 
functions for conservation laws as elements of the characteristic cohomology, but 
also lead to recursions for proving the existence of the generating functions. 

8. The Tzitzeica equation and SU(3)/SO(2) 
The Tzitzeica equation 

(36) u z - = e~ 2 " - e u , 

is the Toda field equation for primitive maps to SU(3)/SO(2). In the notation of 
Eq. ((4]) we have /(it) = e u — e~ 2u and /„„ = — /„ + 2f. The linearization is 

(37) £(P) = P_ ± — + (e 11 + 2e- 2u ) P. 
In this section we prove 

Theorem 8.1. For the nonlinear Poisson equation, Eq. (|36[) and k > 0, 

V =C 

V 6k+1 = C 

V 6k+3 = 

Vek+5 — C 

V- d = Va for d > 0. 

Although a recursion operator is known for the Tzitzeica equation |24] , the ana- 
logue of the vanishing result Ve>fc+3 = seems not to be in the literature. We prove 
Thm. 18. II by finding a pair of recursions, 

(38) V :V d -> V d+6 

(39) M :V d+6 -> V d 

for the generating functions of the conservation laws of the Tzitzeica equation. 

Definition 8.1. (The Recursion V): Let a n 6 V d for d = 1 mod 2. Define 
a n+1 — V(a n ) £ Vd+e through the following process. Define the one-form 

(40) a n = ^^{a n _ x _j. + 2u a"i)dz - ^H e u a"dz 

v 2 v 2 

Let b n : -> C be the unique function of weighted-degree d + 1 such that 

db n = a n modulo 1^°°^ . Now recursively construct 

(41) r = v^lef(6^-u 6 n ) 

(42) r n = V2e-%(fH 1 + ±u r) 



1 

7T 



(43) s™ 
Define the one-form 

(44) /3" = V /Z Te tl (s , l 1 _ 1 - uos^dz - 3V=le _tt s n dZ 

ana let t n : M(°°) -> C &e tte unique function of weighted- degree d + 5 swc/i i/iai 
di™ = /?" modulo . Finally, setting 

(45) a n+1 = -V=2(i»! + «ot") 
we de/me V(a n ) = a n+1 . 
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Definition 8.2. (The Recursion TV): Let a n+1 eV d - We define a n = 7V(a n+1 ) e 
Vd-6 through the following process. First define the one-form 

(46) a n = [3e"a n dz - (a^- — + 2u^a^)&z 

V2 L 

Let t n : Af(°°) ^ C be the unique function of weighted- degree d + 1 smc/i i/ia£ 

d(e u i") =a™ modl (oo) . 

Now recursively construct 

(47) s" = V^Te"*^ 

(48) r" = V^a^ + tio*") 

(49) /" = -^e" f r^r 
Define the one-form 

(50) /3 n = -3v /r T(e"^/")dz + V /Z Te u (e"^/ n ) - (e^' u /™)_ 

and, once again, let B n : M(°°) ^ C fee i/ie unique function of weighted- degree d — 5 
such that d(e~ u 6") = /3" modulo Y-°°K Finally, setting 

(51) a" = VV 3 !^"^ 
we dearie 7V(a™ +1 ) = a". 

The maps V and A/" have been normalized so that 

V{u d H ) = ?id+6 H 

(52) V{u - + ... )=u — + ... 

Af(u d H ) = u d _ 6 H 

and thus VM = AfV = Id on V d for d ^ -5, -1, 0, 1, 5. 
The importance of these recursions lies in the following: 

Proposition 8.2. 

(1) The map V : Vd —¥ Vl+6 * s a linear isomorphism (as vector spaces) for all 
odd d except when d = —1 or d = —5. 

(2) The map Af : Vd — > Vis is a linear isomorphism (as vector spaces) for all 
odd d except when d — 1 or d = 5. 

Together these recursions provide the 

Proof of Thm. \8.1[ Starting with a = Uq, (a ) will generate bases for Vi+efc for 
k > 0. Starting with 

a = U4 + 5u2Ui — 5ti2tio 2 — 5ui 2 wo + u o 5 , 

Vi (a ) will generate bases for Vs+6k f° r k >0. 

One can check directly that V3 = 0. Using induction this implies that Vgk+3 = 0: 
For if P g Vek+3 were a nonzero element, then J\f(P) G V6&-3 would be nonzero. By 
applying J\f repeatedly we would produce a nonzero element of V3, a contradiction. 
The V d for d < are determined by the isomorphism V-d — Vl- □ 
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The proofs that V and M are well defined and the proof of Thm. 18.21 will be 
presented through a series of Lemmas (see Lemmas 18.31 to I8.6|) . Before giving the 
proofs we will derive V and M using the Killing field equation for primitive maps 
to SU(3)/SO(2). 

To begin, we introduce the 6-symmetric space structure on SU(3)/SO(2). Let 
R G S0(3) be the rotation by \ about the axis through (1, 0, 0) G C 3 . On SL(3, C) 
define 

r{g) = R\g)- x R-\ 

This is an order 6-automorphism. One computes that on s[(3, C) it has eigen spaces 



00 



Si = 



(53) 



03 



05 






.4 





-A 




B 



-B 
C 



IB 








F 


F 









IF 





2R 











R 











R 





s 

^1S 




T 



-IT 




B,CeC 



T,VG 



Thus the stabilizer is the SO(2) C SU(3) that fixes (1,0,0). 
We define the su(3, C)- valued connection on M^°°^ 



ip = ip 



(54) =- 




-v^TCi N 

-V=lC a y 



dz, and — ^(u-^dz — uodz). One checks that 
tpx = A^V-i + Xipi + ipo is flat modulo the ideal I (oo) for any A G C*. 

Let X x : Af(°°) -> st(3, C) be a formal Killing field for the SU(3) /SO(2) primitive 
map system, that is, it satisfies Eq. (|22[) . We are working with a 6-symmetric space 
so we have 



where £i = s/2e^dz, (2 = 



(55) X x = 



OO 

E 

71— — OO 



16 



DANIEL FOX 



with X kn+: > taking values in the Qj specified in Eq. ([53| . We parametrize a Killing 
field, according to the eigenspaces in Eq. J53|), as 



X 6n = 



X 



6n+l 



X 



6n+2 



X 



6n+3 






a n 






- e -ib n 
e u c n 
/^le u c n 








J~-Le u c n 





( 


ei- s 




e% s n 







\J —le^ s n 







( 


— 


j^6n+5 I 


eft™ 












The factors of e ku with fe e Z[-|] are inserted for convenience. One computes that 
Eq. (|22|) decomposes into the dz 



(56) 


a-i 


(57) 




(58) 


£i 


(59) 


/■ro 
J-l 


(60) 




(61) 


^1 


(62) 


t-i 


(63) 


v-i 



lV2b n - 2c" = 



3 

7T 



,71+1 



M W ' 



72 

e- u a" +1 
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and dz components 




(64) 




V^Tv^e^f'" 1 + 2e~ u v n ~ 1 = 


(65) 


— 1 


^ „u„n n 

— a — u 


(66) 




e -2« fl „ = g 


(67) 




-u^P + v^Te^fe" - V2e^c n = 
2 


(68) 




V2e%f n = 


(69) 




M5s n - 4=r" = 
V2 


(70) 




^f^le- u s n = 


(71) 




Uo«" + V2e u s n = 


Recall that o"l 1 


= e_ 1 (o" 


) and a^-j = e^i(a n ) where e_i is the vector field defined 


in Eq. ©. 







We begin with the recursion V . First, Eq. (|56[) can be arranged as 
(72) 

Eliminating f n from Eq. ([57]) and Eq. ([58]) results in 
(73) v^v^&'l! - u b n ) + (c™! + 2u c n ) = 0. 

Substituting into this the expression for c™ from Eq. (|T2"j) . we obtain 

~ T 



(74) 



3>/2 



(<£ 1 _i+2u <£ 1 ). 



From the d equations we use Eq. (1651) 



-1 



1 ~ V2 

The two expressions for the derivatives of 6™ are, up to a factor of 3, equivalent to 

db n = a n modI<°°) 

for 

(75) a n = i-Ei( a » j + 2w a'! 1 )dz - ^^e u a n dz. 

v 2 ' V 2 

Eqs. ([57]) . (15^1) . ([50)1 are, up to a factor of 3 in the second of them, 

(76) f n = V=le%(Vl 1 -Uob n ) 

(77) 



(78) 

Eq. (pTj) can be expressed as 
(79) V 



r" = v / 2e-t(/!! 1 + iu r) 

s" = — ^e""^!- 
y/2 
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Eliminating a n+1 from Eq. ((62]) and Eq. ([63]) leads to 

(80) \/^T\/2 (t* t + u t n ) + e u - « i'") = 0. 

Substituting the expression for v n from Eq. (1751) into this collapses the equation 
down to 




This expression for t" 1 along with Eq. ([70]) suggests that we define 

(82) /3" = y/^le u (s , l 1 _ 1 - u s"i)dz - 3V^l e - u s n dz. 
Then the expressions for the derivatives of t n are equivalent to 

(83) dt n = p n modl (o °). 
Finally, Eq. ([62]) . can be expressed as 

(84) a n+1 = -V=2(d + uot"). 

To summarize, the Killing field equations can be arranged as a recursion for the 
sequence 

(85) ► a" ->• b n -> /" -> r" -> s n -> f n -> a" +1 -> • • • 

Producing 6" from a" and i ra from s n hinge on [a™] and [/3 n ] vanishing in charac- 
teristic cohomology. The other stages only require differentiation. The definitions 
imply that at each stage the weighted-degree increases by one (we set all addi- 
tive constants to be zero so that the functions are weighted-homogeneous). Thus 
wd(a n+1 ) = wd(a") + 6. 

We now present lemmas which will prove that the map V is well defined and 
an isomorphism for the appropriate degrees. We will use the notation A 6 (v,j) 
to mean that the function A on M^°°^ only involves the variables uq,U\,... but 
not it, Mo, Mi, ■ • ■ Similar notation will be used to indicate any other dependence or 
independence that is relevant. 

Lemma 8.3. If £(a n ) = then b n and t n are well-defined weighted homogeneous 
functions on M^°°\ 

Thus V : n°(M(°°\C) -> n (M( o °),C) is well-defined. 

Lemma 8.4. If a n € kcr(X>) and a n+1 = V(a n ), then V{a n+1 ) = 0. 

Together Lem. 18.31 and 18.41 imply that 

V : ker(2?) -t ker(X>) 

is well-defined. What is left is to show that if a™ G Vd then V(a n ) € Vd+6- Heading 
in this direction, we have 

Lemma 8.5. We have the following results on b n and t n : 

(1) If ^ a" G Vd for d > then ^ 6" e (iij) is a weighted homogeneous 
polynomial of degree d + 1. 

(2) If 7^ a™ e Vd for d < —5 then 7^ e~~ u b n g (itj) is a weighted homogeneous 
polynomial of degree d + L 

(3) If 7^ a™ e for d > then ^ f ' e (wj) is a weighted homogeneous 
polynomial of degree d + 5. 
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(4) If 7^ a n € Vd for d < — 5 then ^ e u t n £ (uj) is a weighted homogeneous 
polynomial of degree d + 5. 



Lem. [8751 in conjunction with the recursion formula now imply that 

n 

V{a n ) = (e k,u A l ) . 
i=i 

However we also know that V(a n+1 ) = 0. 
Lemma 8.6. Suppose that 

n 

a n = ^ (e k ' u A l ) 
i=i 

with each A 1 E (uj,Uj) a weighted homogeneous polynomial, fcj € Z, and fc m 7^ fc; i/ 
k ^ I. IfV(a n ) = i/ien a™ = and a ra zs either a polynomial exclusively in Uj or 
exclusively in Uj . 



Thus together, Lem. 18.31 to 18.61 prove Prop. 18.21 We now give the proofs of 
Lem. IO to I 



Proof of Lem. \£M The Killing field equations Eq. ([56]) to fl7TJ imply that da™ = 
d/3 n ee mod Thus [a™], [f3 n ] € H 1 . However, because wd(a n ) = d is odd, 

wd(a Tl ) = d+1 is even. Similarly wd(/3 ra ) = d + 5 is also even. The vanishing result 
Thm. [3TT1 implies that there are no conservation laws of even weighted degree. Thus 
there exist unique weighted-homogeneous b n ,t n : M^ 00 ) — > C with wd(6") = d+1 
and wd(t n ) = d + 5 such that d&™ ee a n mod and di" ee (3 n mod □ 

Proof of Lem. gg) Suppose a" G ker(£) and that 6", /", r™, s™, t n , a' l+1 = P(a n ) 
are defined by the recursion. A direct computation of a 71 ^ 1 — involves a rather large 
number of terms. To cut down on the algebraic complexity, we will instead derive 
equations satisfied by s n . Using these one may compute that a n+1 € ker(£). The 
first goal is to show that 

2^ 



(86) s^. = -Uqs" + 3V^lbl 1 _ 1 - ZV^l (ui + uj) b n . 

This can be obtained as follows. The condition db n = a n allows us to express 
6^- and a" x _ l in terms of a n ,a™ 1 ,6™ 1 . Then by repeatedly applying d 2 = one 
obtains the expressions: 

b\_ %i _ i;=l = (u 2 + Ul )b^ + {u 2 + 2u oUl ) b n + V^Te u s n . 
Then Eqs. flU)- (gSJ) can be solved for b™ 1 to obtain 

b r U _! _ x = (vg + + (ttj, + 2u ui) &" + v^Te"s". 
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From this and the expressions for the derivatives of b n one can derive Eq. (j86| . 
Now applying d 2 = consecutively to s n , s™ 1; s"j _ 1 one obtains the relations: 

= -Sba-i,-! - (e" + 2e- 2 ")s'l 1 + 2u (-e u + e - 2tl )s™ 
( _! — = -ub*_i,-i,_i - Se- 2 ^.! + Uo (6e- 2 " - 3e>^ 
+ (2ui(-e u + e- 2u ) - 2u 2 (e u + 2 e - 2 '")) s n . 

The recursion provides expressions for dt n in terms of s n and its derivatives. Using 
the expressions just obtained for the derivatives of s n along with the definition of 
a n+1 in terms of t n allows one to check that a n+1 £ ker(£). We leave the details to 
the reader. □ 



Proof of Lem. \8.5\ First assume that a™ G Vd with d > so that b n £ Vd+i- We 
will prove that b n G (uj). By Lemma 8.13 in [T3], if a n £ Vd with d > then 

a" = u d -i H G (%•). First we show that 6™ = &" = 0. Differentiating Eq. ([ID)) 

with respect to z results in 




using -t^- — — 0. But there are no exact forms in the ideal and so is 
constant. Together with a similar argument involving z this implies that b n is at 
most linear in z or z so we can write b n — b^+kiz+k^z where 6q is independent of z 
and z. However, because the right hand side of Equation (|44|) does not contain any 
terms of the form k\dz or ^dz, we must have k\ = k% = 0. Thus b n is independent 
of z and z. 

Now write b n = ^2^Z b n ' l u l 2n where b n ' 1 is independent of ui n as well as U2 n , 
the variable of least ('most negative') weighted degree on which b n depends. The 
d part of db n = a n can be written as 

2 (b^lu^um+i + b n j[u l 2n ) = ^— ( a » 1) _ 1 + 2^^^ . 

2=0 ^ 

The lowest variable appearing in b n is ui n and it does not appear in a™, a™ x , a™ x _j 
because a", a1 x , a" 1 _ x G (uj). By induction we find that 6" is independent of Ui n . 
Then using induction again we find that b n is independent of Uj for all j > 0. Thus 
6" G (it, Uj). Expanding b n as a power series in u and considering the (^-components 
of db n = a n shows that b n £ (ttj). (The appearance of e u on the right hand side 
does not spoil the argument because it is the image of the uq term in e-^ that 
leads to the vanishing of &".) This completes the proof of the first part. 

The proof of the second part is similar by slightly more involved. So suppose 

that a" G V d for d < -6. By Lemma 8.13 in [T3], a n = u d -i H G (uj). We 

now use this to argue that b n = e u b where b £ (Uj) is a weighted homogenous 
polynomial of degree wd(a") + 1. 

The same argument as used above shows that 6™ = 6™ = 0. Now write b n = 
YmIo b n ' lu 2n where b n ' 1 is independent of u 2n and u 2n is the variable of highest 
weighted degree on which b n depends. We see that a n £ (Uj) implies that a" 1 £ 
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(u, Uj) and a™ x _j € (uj, u, wo). The 9 part of d&™ = a n can be written as 

(b^ l lu l ^U 2n+1 + b n Mn) = ^ («-!,-! + . 

z=o ^ 
The highest variable appearing in b n is U2n and it does not appear in a™, a" 1; a™ 1 _ 1 . 
By induction we hnd that b n is independent of nm- Then using induction again we 
find that b n is independent of Uj for all j > 0. Thus b n £ (u,Uj). 

We can now determine the explicit dependence of b n on u. The d component of 
Eq. (Jill) is 

(87) 6" =^EI e « a ». 

Using the identity [^,e— ]b n = 0, which follows from the fact that b n £ (u,llj), 
we compute 

d ,„ 9 ,3\/^I „ 3\/^T 



Thus we have e3j-(6™ — b n ) = 0, which implies that, up to an additive constant, 
b n = e u b with b € (uj), as desired. Requiring that b n be weighted homogeneous 
fixes the constant to be zero. 

The proof of the statements regarding t n follow parallel reasoning and so are 
omitted. □ 



Proof of Lem. \8.6[ Suppose that u p is the variable of highest weighted degree in 
a n . Suppose that u q is the variable of lowest weighted degree that occurs with the 
term containing the highest power of u p . Then e— e_x on this term will produce a 
term with factor u p +iu q +i multiplying the maximal possible powers of u p and u q . 
In the equation T)(a n ) — 0, no other term will cancel this by the assumption that 
we chose a term with the maximal exponents. By induction we find that a™.^ = 0. 
It is impossible for a n to be homogeneous, to involve both Uj and Uj, and to satisfy 
= 0. Thus a" € (uj) if wd(a") > and a n £ (uj) if wd(a n ) < 0. 
We will now argue that if a n £ (u,Uj) and T>(a n ) = then in fact a n £ (uj). 
The proof for the positive degree situation is analogous and so it is omitted. We 
calculate that 



a n+1 



where we have shown only the terms involving uq. Thus the condition T>(a n ) = 
implies that 

(88) kie k,u (kiu^A 1 + A 1 —) = 

for each I = 1, . . . ,n. However, as A 1 £ (uj) is a polynomial, it follows that A 1 = 
if ki 7^ 0. Thus a n = A is independent of u and a n £ (uj). □ 

The proof for Af follows a parallel line of reasoning and so it is omitted. We 
mention that whereas it is easier to prove properties of V for Vd with d > 0, it is 
easier to prove properties of for Vd with d < 0. 

It should be possible to generalize the arguments in this section to obtain a 
complete description of the characteristic cohomology of all Toda field equations. 
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9. Finite-type solutions 

Pinkall and Sterling used the notion of finite-type solutions to reduce the PDE 
u z - = — i sinh(2u) to a system of ODE on a finite dimensional manifold. This was 
re-interpretted by Burstall et al. in |10j . using Killing fields, for all harmonic maps 
into symmetric spaces. We give a definition of finite- type solutions in terms of the 
characteristic cohomology that recaptures the notion in Pinkall and Sterling's work 
and should also be equivalent to that of Burstall et al. [10] . 

Here is a general definition of finite-type solutions in terms of conservation laws. 

Definition 9.1. Let [M^°°^ ,V-°°') be the infinite prolongation of an involutive EDS 
with an infinite set of conservation laws {[fi], [tpz], [^3], ■ ■ ■} and normal forms 
if i G Q 1 (M(°°> , M) . Then an integral manifold 1 : N — > M is of finite- type if for 
all m > n there exist aj € K such that 

n 

(89) L*( ( p m -J2 a iVi)=0. 

i=i 

This definition applies to the nonlinear Poisson equations (Toda field equations) 
studied here and in |13) . For a given nonlinear Poisson equation, let P l — U2i-2 + ' ■ ■ 
be a basis for Vn—\ when V21-1 7^ 0, for i = 1,2,... Let (f>i = qPLiC + <fcj-P*£ for 
j 6 N. The relationship 

<Pi = (2* - + -d(Pq) 

and Eq. (IT71) (see [T3] for the proof) imply that the [ifi] form a basis for the con- 
servation laws of Eq. Using the isomorphisms H 1 = C = V, <pi corresponds 
to P' G V 2 i-i ■ Let : JV M be an integral manifold and 1 : N -> 
the prolonged map. Then Def. 19.11 applies, though we restate it using the notation 
suited to this example. 

Definition 9.2. The integral submanifold : N — » M is of finite-type g £ N if 

g is the lowest natural number such that for all g' > g, i*{(p g i) = Xlf=i( a j t *( ( ^i) + 
bjL*(ifij)) for some complex numbers dj,bj. 

The isomorphism C ( i = C~d corresponds to Vd = V-d, so that conservation laws 
of both positive and negative weighted-degree are coming into play. 

This definition is not quite satisfying as part of the theory of the characteristic 
cohomology. The definition relies on choosing representatives of (characteristic) 
cohomology classes. While this seems unavoidable, there is not yet a satisfying 
notion of normal form for elements of H 1 , but only for elements of H 2 (M,1). 

While the normal form ipp = ^j-J(Pdq ~ qdP) (see [T3] Sec. 7) that is derived 
from the normal form $p£C = H 2 (M, I) is a candidate, it is desirable to have a 
definition of the normal form that is independent of <f>p G C. The normal form <pp 
is also undesirable in that it will not descend to a torus domain for doubly periodic 
solutions. In SccITOlwe introduce a translation invariant representative (pp, though 
the definition is rather patchwork. 

Pinkall and Sterling made the following definition, which we state using the nota- 
tion of this article, including the notation presented immediately prior to Defn. [9"T2"1 

Definition 9.3. The integral submanifold t' ' : N —> Al is of finite-type g £ N if 

g is the lowest natural number such that for all g' > g, l*(P 9 ) = X)j=i( a j t *(^ > "') + 
bjL*(P J )) for some complex numbers a,j,bj. 
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It is easy to see that 
Lemma 9.1. Deftnitions \9.S\ and \9.3\ agree. 



Proof. The form (p % is linear in P l . Thus any linear relations on the P l extend to 
linear relations on (p l . Conversely, by examining the ( coefficient, linear relations 
on the if 1 imply linear relations on the P i . □ 

As noted in [19] . doubly periodic solutions, i.e. solutions u : C — > K that descend 
to a torus T 2 , are always of finite- type. This follows from the following two facts: 

1) Lincar elliptic operators on compact manifolds have finite dimensional kernels and 

2) The P l all pull back to be in the kernel of the linear elliptic operator, ^|^= + f u 
(See Eq. dUD). 

Example 9.2. The simplest system with which to illustrate the implications of 
finite-type conditions is that of holomorphic curves in C 2 . For this system we 
need not resort to prolongation. For a given holomorphic curve we may choose 
holomorphic coordinates z,w on C 2 so that almost everywhere the holomorphic 
curve can be graphed as (z,s(z)), where s(z) is an analytic function. The finite- 
type condition will imply that s(z) satisfies a rational ODE. We now explain this. 

The EDS for holomorphic curves is (M,l) with M = C 2 andl = (fi( 2 '°)®ft(°' 2 )) . 
The space of conservation laws is just the space of holomorphic (l,0)-forms plus 
the space of anti-holomorphic (0,l)-forms. The forms {z l w 3 dz, z l w 3 dw} and their 
complex conjugates are a basis for the space of polynomial conservation laws. Define 
an integral manifold of finite-type to be a holomorphic curve 7 : N — > C 2 for which 
there exists a conservation law ip — f(z, w)dz + g(z, w)dw, with f and g polynomial, 
such that 

(90) 7%)=0. 

Near a smooth point we have that either 7*(dz) ^ or j*(dw) ^= 0. Suppose that 
7*(dz) 7^ so that locally w — s(z). Then Eq. (|9"0")l becomes 

ds 

(91) (f + g-)dz = Q. 

az 

The PDE has been reduced to the ODE 

(92) ds = ft*' S ( Z ^ 

dz g(z,s(z)) 

where f and g are polynomial. Thus s satisfies a rational ODE. 

A more powerful version of this is known for primitive maps to /c-symmetric 
spaces. If 7 : M 2 —> G/K is a primitive map of finite- type then it can be solved by 
a pair of commuting ODE on a finite dimensional manifold 10 . The result above, 
that holomorphic curves of finite-type are solutions of rational ODE, is a simple 
example of the elaborate theory used to reduce primitive maps of finite-type to an 
ODE. 



10. Translation invariant conservation laws 

Unfortunately, the presence of z in q prevents f q ,p from being translation in- 
variant, impeding it from defining a cohomology class on a doubly periodic solution 
corresponding to CMC tori in a 3-dimensional space form or special Legendrian 
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tori in §. We now remedy this situation by finding a translation invariant gauge. 
Our starting point is Eq. (J32j for K = SO(2)Q 

(93) tpp.Q := -V^lJ(PdQ - QdP). 
A short computation shows that 

tp P , Q = -2 (QdP + PdQ) + d(QP) mod . 

Thus [vp,q] = [—2 (QdP + PdQ)] as elements of H 1 . It will be convenient to 
compute with <fp,Q := QdP + PdQ which, up to scale, has the same class as 
[V-P.q]- We calculate that 

(94) ip P: q = z(p P . Ua - Z(fi Pi u - TioP(- 
We would like to hnd G : Af(°°) -> C such that 

(95) = cpp.q — dG 
is translation invariant, that is 

La ip — C o = 0. 

The weighted degrees of (pp. UQ and (pp,u are even, so they are trivial characteris- 
tic cohomology classes. Therefore there exist functions A,B € C 00 (M < ' 00 \ C) such 
that 

(96) {p P , U0 = dA + a 

<fp,u = dB + [3 

with a,/3 e I (n) . 
We calculate that 

(97) Cjl<Pp,*o=0 



implying that 

dA 

(98) d(— )+£o_a = 0. 

dz 8" 

We find that C a a 6 F n ) since L a 77j = for all i, and so conclude that 

dz dz 

dA 

(99) d (^)€l< n >. 

However, 1^™^ has trivial infinite derived system, so it must be that d(^j) = 0. 
Similarly we conclude that d(^=) =0 and thus 

A = A + a\z + a-£z 

where A is a function independent of z, z and ox, cl% € C. The same argument works 
to derive the corresponding result for B. Eqn. (|96j) now implies that a\ = a-2 = 
because neither (f Uo ,p nor a have any terms of the form a\dz + a,2dz for a%, ci2 G C. 
Thus A is independent of The same argument applies to £?. 
Let G = zA — zB in Eq. (US]). Then 

(100) cp = -Adz + (B- u Q P)( mod I (oo) . 



^The definition of tpp in (Eq. (19)) of 1131 is equivalent to ^ip qi p in the notation Eq. i'V2\i if 
wd(P) = d. 
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As an example, if one takes P = uo in the case that /„„ = af u + 2a 2 f (the Tzitzeica 
equation) then 

<P = -\u 2 C - {2\u \ 2 + p-\f u - af)) d( 

is a translation invariant representative. 
This discussion proves 

Lemma 10.1. Let (M,X) be a nonlinear Poisson system with dim(_ff 1 ) = oo (but 
f does not satisfy any first-order ODE). Let : N — > M be an integral manifold 
and i : N — > M^ 00 ' the prolonged map. Suppose that i is doubly periodic with respect 
to the lattice A C C. Then i induces a map on cohomology 

(ioi) t *:jr 1 ->*ri fl (c/A,c). 

The meaning of these cohomology classes seems to be completely unexplored. 
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